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Gravitational field of a rotating gravitational dyon
Naresh Dadhicha and Z. Ya. Turakulovb∗
Inter-University Centre for Astronomy & Astrophysics,
Post Bag 4, Ganeshkhind, Pune 411 007, India .
We have obtained the most general solution of the Einstein vacuum equation for the axially
symmetric stationary metric in which both the Hamilton-Jacobi equation for particle motion and
the Klein - Gordon equation are separable. It can be interpreted to describe the gravitational field
of a rotating dyon, a particle endowed with both gravoelectric (mass) and gravomagnetic (NUT
parameter) charge. Further, there also exists a duality relation between the two charges and the
radial and the polar angle coordinates which keeps the solution invariant. The solution can however
be transformed into the known Kerr - NUT solution indicating its uniqueness under the separability
of equations of motion.
PACS numbers: 04.20.-q,04.70.Bw.
It is well-known that the Kerr solution is the unique two parameter solution of the Einstein vacuum equation for
asymptotically flat axially symmetric stationary spacetime admitting regular smooth horizon. The two parameters
represent mass and angular momentum of a rotating black hole. This is by far the most interesting black hole solution
of the Einstein equation with important applications in high energy astrophysics. The vacuum black hole could thus
be specified by only two parameters. This fact is expressed in the relativistic literature by the famous statement that
black hole has no hair.
It is however worth enquiring, what happens if we drop asymptotic flatness? There do exist black hole spacetimes
which are not asymptotically flat. There are examples of the NUT and the Kerr - NUT solutions [1,2], black holes
sitting in uniform magnetic field [3] and in cosmological models [4], and the black holes in the de Sitter universe. That
is, dropping of the asymptotic flatness condition is not entirely unphysical and unknown. It is therefore a pertinent
question to seek the most general solution without the assumption of asymptotic flatness. Among the examples cited
above, the NUT and the Kerr - NUT are the only vacuum solutions. The NUT solution does indeed present a rather
unfamiliar situation. It can be interpreted as describing the field of a gravomagnetic monopole charge [2,5]. It is
however an interesting and novel solution.
The vacuum solutions are always interesting and more so the axially symmetric ones. A stationary vacuum spacetime
is expected to be asymptotically flat representing a localized source. In spherical symmetry, there cannot exist
asymptotically non-flat vacuum solution [6]. On the other hand, axial symmetry however does not prohibit their
existence. Do there exist such solutions other than the Kerr - NUT solution [2]? We shall in fact obtain the most
general solution in a particular framework which is motivated by the solvability of basic physics equations. Our
physical motivation is that the Hamilton - Jacobi (HJ) equation for particle motion and the Klein - Gordon (KG)
equation must be separable in the variables of the metric which we seek as a solution of the Einstein equation. We
would hence like to impose on the metric a priori the constraint of separability [7,8-10]. We then find the most general
solution which can be transformed into the Kerr - NUT solution [2]. That means it is unique under the assumption
of separability of the equations of motion.
The Kerr solution is the unique solution for a rotating particle which has gravoelectric charge (mass). What happens
when the particle has gravomagnetic charge (NUT parameter), the rotating analogue of the NUT solution? Since the
NUT solution is asymptotically non flat, its rotating analogue would also have to be so. That means we should seek
the general solution of the vacuum Einstein equation by dropping the requirement of asymptotic flatness so as to let
the particle have both gravo-(electric and magnetic) charge, a gravitational dyon. It turns out that the Kerr-NUT
solution is the general solution for a dyon particle with both charge.
One of us had developed a method [7] of implementing the constraint of separability on the axially symmetric
metric. Since the spacetime is stationary and axially symmetric, it would admit two familiar Killing vectors, and the
metric could in general be written as,
ds2 = Bdt2 −Adϕ2 + 2Cdtdϕ−D
(
dr2
U2
+
dλ2
V 2
)
(1)
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where A,B,C,D are functions of r and λ, and U = U(r), V = V (λ).
Now we demand that HJ equation should be separable in r and λ, and also, as in the case of Newman - Penrose
fromalism, the coordinate surfaces corresponding to these two coordinates should contain null geodesics. This will
lead to the requirement that the quantities, AD/ρ2, BD/ρ2, CD/ρ2, D are all functions of the type X(r) + Y (θ),
where ρ2 = AB+C2 is the (t−ϕ) block determinant (for details, see [11]). Further, separability of KG equation will
require ρ2 = UV , which will also ensure the existence of horizon as a coordinate surface given by U = 0. With all
this taken into account, We can then following [7] write the metric in the form [11],
ds2 = Λ(dt+ αdϕ)2 − (Λ)−1
[
(U2 − a2V 2)
(
dr2
U2
+
dλ2
V 2
)
+ U2V 2dϕ2
]
(2)
where
Λ =
U2 − a2V 2
F − a2G , (3)
α = a
(F − U2)V 2 − (G− V 2)U2
U2 − a2V 2 , (4)
F = r2 + a2, G = 1− λ2 (5)
and U = U(r), V = V (λ). Here λ is an angle coordinate and a is a constant having dimension of length. We shall
refer this as the separable metric, and we shall find the most general solution of the Einstein vacuum equation for it.
There are only two unspecified functions; one of the radial coordinate, R(r) = F −U2 and the other of the angular
coordinate, Θ(λ) = G− V 2. Now the most general vacuum solution is given by
R ≡ F − U2 = 2Mr + (1− k)a2, Θ ≡ G− V 2 = −2Nλ+ 1− k (6)
whereM is a constant of dimension of length while N and k are dimensionless constants. For the separable metric (2),
the Ricci curvature has only five non zero components, and they readily yield the most general solution as given above
[11]. The most remarkable feature of this general solution is that it remains invariant under the duality transformation,
M ↔ iaN, r ↔ iaλ. Under this duality, F ↔ a2G, U2 ↔ a2V 2, R ↔ Θ, clearly exhibiting the symmetry of the
spacetime metric.
We define the coordinate θ by integrating for the angle variable λ in the metric (2) and obtain
λ = N +
√
k +N2 cos θ, V 2 = (k +N2) sin2 θ. (7)
In the Boyer - Lindquist coordinates, the metric (1) would read as,
ds2 =
U2
ρ2
(dt− aGdϕ)2 − V
2
ρ2
(Fdϕ − adt)2 − ρ
2
U2
dr2 − ρ2dθ2 (8)
where ρ2 = F − a2G. Note that when Θ = 0, which would imply N = 0, k = 1, the solution reduces to the familiar
Kerr solution with M and a having the usual meaning. On the other hand, when R = 0 which implies M = 0, k = 1,
it is again a non trivial vacuum solution which could be considered as dual to the the Kerr solution [12]. When a = 0,
it reduces to the Schwarzschild solution with the deficit angle;i.e.
√
k +N2ϕ in place of ϕ. The angle deficit is the
characteristic of the topological defect, cosmic string which causes a conical singularity [13].
When both R and Θ vanish, it is the flat Minkowski spacetime. These are the two potential functions for the axially
symmetric vacuum spacetimes, which are respectively anchored on gravoelectric (M) and gravomagnetic (l = aN)
charges. The Kerr solution has gravoelectric charge while its dual has gravo-magnetic charge [2,5,12]. It is thus the
duality of gravoelectric and gravomagnetic charges and fields, and the general solution is as shown above invariant
under it.
Further of the new dimensionless parameters k,N , it turns out that k is removable while N contributes to the
Riemann curvature components only in presence of the parameter a, else it could only produce deficit angle. That
means it has physical meaning only in conjection with the parameter a. This suggests that it should be possible to
define new dimensionfull parameter, l = aN , which would turn out to be the NUT parameter. When we do that, the
solution gets transformed to the Kerr - NUT solution [2].
Write k = (b2 − l2)/a2, N = l/a, a2 = d2 + b2 + l2, ϕ = (a/b)ϕ¯, t = t¯ + (d2/b)ϕ and α¯ = (aα + d2)/b, and then a
straightforward calculation (on dropping overhead bars and finally replacing b by a) takes the metric (2) to the eqn.
(8) form,
2
ds2 =
U2
ρ2
(dt− Pdϕ)2 − ρ
2
U2
dr2 − Q
ρ2
(
(ρ2 + aP )dϕ− adt)2 − ρ2dθ2 (9)
where
F − U2 = 2Mr + l2, P − aQ = −2l cos θ, Q = sin2 θ. (10)
This is the Kerr - NUT solution [2] where l is the NUT parameter representing the gravomagnetic monopole charge
[2,5]. Thus the general solution we have found is actually the Kerr - NUT solution which is asymptotically non-flat.
It is therefore the unique axially symmetric stationary vacuum solution for the separable metric in the form (2) or
(8). It also contains the Kerr solution which is unique when the metric is asymptotically flat and admits regular event
horizon. The present solution admits regular horizon but is not asymptotically flat. It is thus the non asymptotically
flat generalization of the Kerr solution which is characterized by the separability of HJ and KG equations.
We have thus obtained the most general vacuum solution for separable axially symmetric stationary spacetime. It
describes the field of a rotating gravitational dyon, a particle having both electric and magnetic gravitational charge.
On further demand of asymptotic flatness, the magnetic charge gets switched off and it reduces to the familiar Kerr
solution having only the electric charge, mass. It is interesting to note that asymptotic non flatness is therefore
the characteristic property of the grovomagnetic charge, the NUT parameter l. Further note that the existence of
regular horizon is implied by separability of KG equation, while separability of HJ equation does not imply asymptotic
flatness, and thereby leaving room open for a more general (than the Kerr) solution, which can also accommodate
gravomagnetic charge. It turns out to be the known Kerr - NUT solution.
We have reduced the parameters from four to three (and in particular a, k,N to b, l, and then b is written as a),
now all of them are dimensionfull. That means all the three parameters, a, k,N were not independent. However, the
transformation to the Kerr - NUT form requires both a and b to be non-zero. When a = 0, the original metric reduces
to the Schwarzschild solution with deficit angle while in the Kerr - NUT form it reduces to the NUT solution which
would go to the Schwarzschild when l = 0.
In the Kerr - NUT form, when P − aQ = 0, it reduces to the Kerr solution while F − U2 = 0 gives the dual to the
Kerr solution. In the Kerr solution, the primary charge is gravoelectric denoted by M , while in the dual solution it is
gravomagnetic denoted by the NUT parameter l. It is the rotation parameter a which is responsible for gravomagnetic
in the former and gravoelectric effects in the latter. These two solutions are therefore truly dual where their primary
charge is interchanged [12].
The electric charge could be easily included by replacing 2Mr in the general solution (6) by 2Mr − q2, where q
is the electric charge on the black hole. We have then verified that the scalar curvature R vanishes and the stresses
could be generated from the electromagnetic field of a rotating electric charge. When a = 0, it would reduce to the
Reissner - Nordstro¨m solution. We have thus a four parameter family of electrovac black hole spacetime which is the
non asymptotically flat or NUT generalization of the Kerr - Newman black hole. This is the most general electrovac
black hole solution [11]. The Vaidya generalization of a black hole solution, in which there is a radial null radiation
flux, could be accomplished by transforming the black hole metric into the Eddington coordinates, and then taking
M as a function of the retarded time. The same procedure could be implemented for the metric (9) as well to get its
radiating generalization [11]. The stresses conform to the Vaidya null fluid asymptotically.
We have shown that, like the Kerr solution, the Kerr-NUT solution is also unique for the separability of HJ and
KG equations. In other words, we have identified the conditions for uniqueness of the Kerr - NUT solution. The NUT
family is the gravomagnetic analogue of the familiar gravoelectric Kerr family, and the two are dual of each-other.
The uniqueness of the Kerr - NUT family is therefore very pertinent and important because it describes the field of
a gravitational dyon. The most remarkable feature of the general solution is the duality symmetry of the spacetime
metric (2-5) which exhibits the duality relation between the mass and the NUT parameters. This is a very interesting
and important feature which is being exhibited for the first time. The rotation parameter, a, plays the key facilitative
role in the duality transformation. In its absence, Schwarzschild and NUT solutions exhibit no such duality. That
means the NUT parameter by itself cannot be dual to gravoelectric charge, mass. It acquires that character only
when it is rotating. It would be interesting to study physical properties of the dual Kerr spacetime, and in particular
quantum fields and the effects they might give rise to.
As the Kerr solution is unique for a rotating black hole, the Kerr - NUT solution is thus unique for a rotating dyon
black hole endowed with both electric and magnetic gravitational charge.
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